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a b s t r a c t
In this work, we prove a regularity criterion for micropolar fluid flows in terms of the
pressure in Besov space.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
In this work, we consider the Cauchy problem of 3D viscous incompressible micropolar fluid flows [1]:
div v = 0, (1.1)
∂tv −∆v + v · ∇v +∇π = curlw, (1.2)
∂tw −∆w −∇divw + v · ∇w + 2w = curl v, (1.3)
(v,w)(x, 0) = (v0, w0)(x), x ∈ R3 (1.4)
where v is the velocity field, π is the pressure, andw is the angular velocity.
Galdi and Rionero [2] and Lukaszewicz [3] proved the existence of global-in-time weak solutions. Dong et al. [4] proved
the existence of local-in-time strong solutions; they also proved the following regularity criteria:






< p ≤ ∞, (1.5)
π ∈ L1(0, T ; B˙0∞,∞), (1.6)




= 3, 1 < p ≤ ∞. (1.7)
Here B˙0∞,∞ is the homogeneous Besov space.
Very recently, Dong et al. [5] showed the following regularity criterion for the 3D Boussinesq system with zero heat
conductivity:
π ∈ L 22+r (0, T ; Br∞,∞), −1 < r < 1. (1.8)
Here Br∞,∞ is the nonhomogeneous Besov space.
The aim of this note is to refine (1.8) as follows.
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then the solution can be extended beyond T > 0.
We will use the following decomposition lemma from [5]:
For every f ∈ L 22+r (0, T ; Br∞,∞), it holds that
f = f1 + f2, ∇f1 ∈ L 23 (0, T ; L∞), f2 ∈ L2(0, T ;W−1,∞),
‖∇f1‖2/3L2/3(t1,t2;L∞) + ‖f2‖
2







for any t1, t2 ∈ [0, T ], with
‖∇f1‖ ≤ C‖∇f ‖L2 , ‖∇f2‖L2 ≤ C‖∇f ‖L2 . (1.11)
We will also use the following inequality:
‖∇π‖L2 ≤ C‖v · ∇v‖L2 . (1.12)
2. Proof of Theorem 1.1








































Combining (2.1) and (2.2), using the Gronwall inequality, we infer that
‖v‖L∞(0,T ;L2) + ‖v‖L2(0,T ;H1) ≤ C, (2.3)
‖w‖L∞(0,T ;L2) + ‖w‖L2(0,T ;H1) ≤ C . (2.4)













(v · ∇π)|v|2dx. (2.5)






|w|4dx+ ‖ |w|∇w‖2L2 +
1
2
‖ |w|divw‖2L2 + 2‖w‖4L4 ≤
∫
vcurl (|w|2w)dx. (2.6)






|v|4 + |w|4dx+ ‖ |v|∇v‖2L2 +
1
2
‖∇|v|2‖2L2 + ‖ |w|∇w‖2L2 +
1
2
‖ |w|divw‖2L2 + 2‖w‖4L4
≤ C‖w‖L4‖v‖L4






‖ |w|∇w‖2L2 + C‖v‖4L4 + C‖w‖4L4 −
∫
(v · ∇π)|v|2dx
















=: I1 + I2.
Using (1.11) and (1.12), I1 can be bounded as









‖v · ∇v‖2L2 + C‖v‖4L4‖∇π1‖2/3L∞ . (2.8)
Using (1.11) and (1.12), I2 can be bounded as
I2 =
∫
π2div (|v|2v)dx ≤ C‖π2‖L4‖v‖L4‖ |v|∇v‖L2
≤ C‖π2‖1/2W−1,∞‖∇π2‖1/2L2 ‖v‖L4‖ |v|∇v‖L2
≤ C‖π2‖1/2W−1,∞‖∇π‖1/2L2 ‖v‖L4‖ |v|∇v‖L2
≤ C‖π2‖1/2W−1,∞‖ |v|∇v‖3/2L2 ‖v‖L4
≤ 1
8
‖ |v|∇v‖2L2 + C‖π2‖2W−1,∞‖v‖4L4 . (2.9)




|v|4 + |w|4dx ≤ C















































(1+ ‖∇3v‖L2 + ‖∇3w‖L2)C0ϵ















Then we obtain an estimate for ∇v,∇w.










(v · ∇)v ·∆vdx−
∫
curlw ·∆vdx
≤ ‖v‖L4‖∇v‖L4‖∆v‖L2 + ‖∇w‖L2‖∆v‖L2












‖∆w‖2L2 + C‖v‖12L4 + C‖w‖2L2 , (2.11)
where we have used the Gagliardo–Nirenberg inequality:
‖∇w‖L4 ≤ C‖w‖1/5L4 ‖∆w‖4/5L2 . (2.12)













(v · ∇)w ·∆wdx−
∫
∆wcurl vdx
≤ ‖v‖L4‖∇w‖L4‖∆w‖L2 + ‖∇v‖L2‖∆w‖L2






‖∆w‖2L2 + C‖v‖10L4 ‖w‖2L4 + C‖v‖2L2 . (2.13)
Combining (2.11) and (2.13), using (2.3) and (2.4), we deduce that
‖∇v(·, t)‖2L2 + ‖∇w(·, t)‖2L2 ≤ C(1+ y(t))4Cϵ . (2.14)
In the following calculations, we will use the following commutator estimate due to Kato and Ponce [6]:
‖Λs(fg)− fΛsg‖Lp ≤ C(‖∇f ‖Lp1 ‖Λs−1g‖Lq1 + ‖Λsf ‖Lp2 ‖g‖Lq2 ), (2.15)
with s > 0,Λ := (−∆)1/2 and 1p = 1p1 + 1q1 = 1p2 + 1q2 .











[Λ3(v · ∇v)− v · ∇Λ3v]Λ3vdx+
∫
Λ3curlw ·Λ3vdx



















‖Λ4w‖2L2 + C‖∇v‖13/2L2 ‖Λ3v‖3/2L2 + C‖∇w‖2L2 , (2.16)
where we have used the following Gagliardo–Nirenberg inequalities:
‖∇v‖L3 ≤ C‖∇v‖3/4L2 ‖Λ3v‖1/4L2 , (2.17)
‖Λ3v‖L2 ≤ C‖∇v‖1/6L2 ‖Λ4v‖5/6L2 . (2.18)
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[Λ3(v · ∇w)− vΛ3∇w]Λ3wdx+
∫
Λ3curl v ·Λ3wdx
≤ C(‖∇v‖L3‖Λ3w‖2L3 + ‖Λ3v‖L3‖∇w‖L3‖Λ3w‖L3)+ ‖Λ4w‖L2‖Λ3v‖L2












‖Λ4(v,w)‖2L2 + C‖∇(v,w)‖13/2L2 ‖Λ3(v,w)‖3/2L2 + C‖∇v‖2L2 . (2.19)
Combining (2.16) and (2.19), taking ϵ small enough, we conclude that
‖(v,w)‖L∞(0,T ;H3) + ‖(v,w)‖L2(0,T ;H4) ≤ C .
This completes the proof. 
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